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Continuous-time linear Lyapunov cone-systems
Consider the continues-time linear Lyapunov system (Kaczorek T. & Przyborowski P., 2007a) described by the equations: The matrices of (9) are:
3.1 Cone-systems Definition 3.
The Lyapunov system (7) is called (P,Q,V) -cone-system if () P -cone system which is equivalent to the positive Lyapunov system (Kaczorek T. & Przyborowski P., 2007c) . Theorem 1.
The Lyapunov system (7) is (P,Q,V) -cone-system if and only if :
are the Metzler matrices and 111,
, .
Proof: Let:
From definition 2 it follows that if
From (7) and (13) we have: 
It is known (Kaczorek T. & Przyborowski P., 2007a) that the system (14) is positive if and only if the conditions (11) and (12) are satisfied. □
Asymptotic stability
Consider the autonomous Lyapunov (P,Q,V) -cone-system:
where, () P The Lyapunov system described by the equations:
is called the dual system with respect to the system (7). The matrices 01 ,,,,, A ABCD () , () , () X tUtYt are the same as in the system (7).
Observability Definition 8.
The state 0 X of the Lyapunov (P,Q,V) -cone-system (7) is called observable at time 
Definition 9.
The Lyapunov (P,Q,V) -cone-system (7) is called observable, if there exists an instant 0 f t > , such that the system (7) is observable at time f t .
Theorem 4.
The Lyapunov (P,Q,V) -cone-system (7) is observable if the dual system (20) is reachable i.e. if the matrix:
is a monomial matrix. Proof:
The Lyapunov (P,Q,V) -cone-system (7) is observable if and only if the equivalent standard system (9) is observable and this implies that dual system with respect to the system (9) must be reachable thus the dual system (20) with respect to the system (7) also must be reachable. Using Theorem 3. we obtain the hypothesis of the Theorem 4. □
Discrete-time linear Lyapunov cone-systems
Consider the discrete-time linear Lyapunov system (Kaczorek T., 2007b; Kaczorek T. & Przyborowski P., 2007e; Kaczorek T. & Przyborowski P., 2008) described by the equations:
where, 
The solution of the equation (22a) satisfying the initial condition 0 X is given by (Kaczorek T.,2007b) :
Lemma 4. The Lyapunov system (22) can be transformed to the equivalent standard discrete-time, nm -inputs and pn -outputs, linear system in the form:
where,
is the state-space vector,
The proof is similar to the one of Lemma 3. The matrices of (24) have the form:
4.1 Cone-systems Definition 10.
The Lyapunov system (22) -cone system which is equivalent to the positive Lyapunov system (Kaczorek T., 2007b) .
Theorem 5.
The Lyapunov system (22) 
From (22) and (29) we have:
The Lyapunov system (30) is positive if and only if, the equivalent standard system is positive. By the theorem for the positivity of the standard discrete-time systems, the
have to be the matrices with nonnegative entries , so from (30) follows the hypothesis of the Theorem 5. □
Asymptotic stability
Definition 11.
The Lyapunov (P,Q,V) -cone-system (15) 
Dual Lyapunov cone-systems Definition 14.
The Lyapunov system described by the equations: 
Observability Definition 15.
The Lyapunov (P,Q,V) -cone-system (22) www.intechopen.com 
Fractional discrete-time linear Lyapunov cone-systems
Consider the fractional discrete-time linear Lyapunov system (Przyborowski P., 2008a; Przyborowski P., 2008b) described by the equations: 
The proof is similar to the one of Lemma 3. The matrices of (36) have the form:
Cone-systems Definition 17.
The fractional Lyapunov system (22) 
YV YV C XV D U V C P XV D Q U C X D U
It is known (Przyborowski P., 2008a ) that the system (34) is positive if and only if the conditions (41a) and (42b) are satisfied. □
Stability
Consider the autonomous fractional Lyapunov (P,Q,V) -cone-system:
Definition 18. (Dzieliński A. & Sierociuk D., 2006) The fractional Lyapunov (P,Q,V) -cone-system (43) is called stable in finite relative time if for ,, R
0, 1, ,
X is the k th column of the matrix i X .
Theorem 11.
The fractional Lyapunov (P,Q,V) -cone-system (34) 
Proof:
The theorem results directly from the theorem of asymptotic stability of standard fractional systems (Dzieliński A. & Sierociuk D., 2006) . □
Reachability Definition 19.
The fractional Lyapunov (P,Q,V) -cone-system (34) Theorem 13.
The fractional Lyapunov (P,Q,V) -cone-system (34) is controllable to zero if and only if 2 q = and:
Proof:
From (38), (39), (40) and from the definitions 2 and 19, we have that the fractional discretetime Lyapunov (P,Q,V) -cone-system (34) is controllable to zero if and only if the fractional positive discrete-time Lyapunov system, with the matrices 01ˆ, ,,, AAB CD , is controllable -so from the theorem for the controllability of positive discrete-time Lyapunov systems (Przyborowski P., 2008a) . follows the hypothesis of the theorem 13. □
Dual fractional Lyapunov cone-systems
Definition 21. The fractional Lyapunov system described by the equations:
is called the dual system respect to the system (34). The matrices 01 ,,,,, AAB CD ,,
ii i X UY are the same as in the system (34).
Observability Definition 22.
The fractional Lyapunov (P,Q,V) -cone-system (34) From (38), (39), (40) and from the definitions 2 and 20, we have that the fractional discretetime Lyapunov (P,Q,V) -cone-system (34) is controllable to zero if and only if the fractional positive discrete-time Lyapunov system, with the matrices 01ˆ, ,,, AAB CD , is observable -so from the theorem for the observability of positive discrete-time Lyapunov systems (Przyborowski P., 2008a) . follows the hypothesis of the theorem 14. □
Examples
Consider the state, input and output cones generated by the matrices is not a the nilpotent matrix, but the system is controllable to zero in the infinite number of steps since it is asymptotically stable.
Example 3
Consider the discrete-time Lyapunov system (34) with is not a zero matrix.
Conclusions
In this paper three types of systems have been considered. For the continuous-time linear Lyapunov cone-systems, the necessary and sufficient conditions for being the cone-system, the asymptotic stability and sufficient conditions for the reachability and observability have been be established. For the discrete-time linear Lyapunov cone-systems, the necessary and sufficient conditions for being the cone-system, the asymptotic stability, reachability, observability and controllability to zero have been established. For the fractional discretetime linear Lyapunov cone-systems, the necessary and sufficient conditions for being the cone-system, the reachability, observability and controllability to zero and sufficient conditions for the stability have been established. The considerations have been illustrated on the numerical examples.
